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Introduction

This course is an attempt to show how we can use the bicycle
model and the understeer budget to:

« Cascade vehicle handling metrics to suspension, steering and tire
characteristics

« Assemble suspension, steering and tire characteristics to predict vehicle
handling response performance

* Get us thinking of vehicle dynamics and chassis from a ‘Systems
Engineering V' perspective
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Introduction

This course IS not instruction In:

« Deriving or solving the equations of motion for the bicycle model nor the
equations for the components of the understeer budget. This has already

been done in literature.

« Suspension kinematics and compliances (K&C). This assumes the
attendee has some familiarity with the basic tests and metrics.

— If not, consider looking at the following resources:

e https://www.morsemeasurements.com/
— Good video presentations such as “What is K&C Testing?” and “K&C Test Descriptions”

« SAE seminar C0415 — Advanced Vehicle Dynamics for Passenger Cars and Light
Trucks (https://www.sae.org/learn/content/c0415/)

« SAE papers

— “A New Laboratory Facility for Measuring Vehicle Parameters Affecting Understeer and Brake Steer”, A.L.
Nedley and W. J. Wilson, SAE paper no. 720473, SAE International

— “Steering and Suspension Test and Analysis”; K. VanGorder, T. David and J. Basas, SAE paper no. 2001-
01-1626, SAE International

— “A Facility for the Measurement of Heavy Truck Chassis and Suspension Kinematics and Compliances”; J.
Warfford and N. Frey, SAE paper no. 2004-01-2609, SAE International

— “Using K&C Measurements for Practical Suspension Tuning and Development”; P. Morse, SAE paper no.
2004-01-3547, SAE International W
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Introduction

This presentation is based on the following SAE papers

“The Influence of Vehicle Design Parameters on Characteristic Speed and
Understeer”, R. T. Bundorf; General Motors Corp., 670078, SAE International, 1967

In this paper, Bundorf provides an objective definition of understeer and the characteristic
speed as it pertains to response gain. He also introduces the concept of cornering
compliances and the understeer budget, although he has yet to give them the names. He
gives an equation of understeer in terms of chassis design parameters and tire force and

moment characteristics

“A New Laboratory Facility for Measuring Vehicle Parameters Affecting
Understeer and Brake Steer”; A. L. Nedley and W. J. Wilson; General Motors Corp.,

720473, SAE International, 1972

- Nedley and Wilson describe the kinematics and compliance (K&C) data required and
equations used to calculate understeer, like Bundorf did in 670078, but with additional effects

(lateral force camber compliance, for one). The second part of the paper describes the design
and operation of GM’s ‘new’ K&C test machine W
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Introduction

SAE papers (continued): W

“The Cornering Compliance Concept for Description of Vehicle Directional
Control Properties”; R.T. Bundorf and R.L. Leffert; General Motors Corp., 760713,
SAE International; 1976

- In this paper, Bundorf and Leffert formally introduce the concept of cornering compliances.
From the bicycle model, they derive the transfer functions for response gain and provide useful
relationships to analyze the effect of front and rear cornering compliances on vehicle steady
state and transient responses
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Introduction

Learning Objectives

« Use the Systems Engineering V and first principals to cascade vehicle
handling response to tire and suspension kinematic and compliance (K&C)
parameters

« Relate cornering compliances to vehicle planar handling response through
use of the bicycle model

« Specify the components of the lumped cornering compliance

 Determine the relative contribution of tires and K&C on vehicle understeer
gradient

« Calculate the Understeer Budget for an exemplar vehicle

« Use the Systems Engineering V and first principles to predict vehicle
handling response from tire and K&C parameters
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Systems Engineering V for Vehicle Dynamics

Vehicle-level Targets:

* Understeer (deg/q)

*  Yaw/SWA time delay (mS)
* Roll gradient (deg/q)

* SS Lat acc gain (g/deg)

* BIT Yaw Rate Overshoot (-)
» Strg torque gradient (Nm/g)

Chassis System Targets:

* Axle roll stiffness (Nm/deg)

* Roll couple distribution (-)

* F/R roll center height (mm)

* F/R cornering compliance (deg/g)

Suspension & Steering Subsystem Targets:
* FIR lateral force compliance steer (deg/kN)

* FIR roll steer (deg/deg)

* F/R stabilizer bar contrib. to roll stiffness (%)
» Caster trail (mm)

Component Specifications
Suspension hardpoints (xyz)
Lwr steering hardpoints (xyz)
Strg gear ratio (mm/rev)
Suspension bushing stiffness
Tire force and moments
Power steering assist tuning
Shock absorber tuning %j
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Understeer and Cornering Compliances
Sideslip Angle and Cornering Compliances

\i

The side slip angle is the angular difference between the direction you are travelling

and direction you are pointed (heading).

Front axle
direction of
travel

p= ¥

da, [deg/g, ]

Rear axle
direction of
travel

/Front axle heading

-

Rear axle heading

_———x————..

1 (@assuming non steerable rear axle)

\
1
\
1

Magnitude of slip
angles exaggerated
for clarity

Axle Cornering Compliance, D, is the rate of change of axle sideslip angle, g, with

increasing lateral acceleration.

The Understeer Gradient, K . is the difference between the front and rear axle

cornering compliance.
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Understeer and Cornering Compliances

Understeer, Oversteer and Neutral Steer (a working definition)

Understeer: actua
The car is rotating (yawing) less that e
you intended it to. Intended

Intended trajectory
trajectory

Oversteer: actual
The car is rotating (yawing) more than
you intended it to.

NI

€

Neutral Steer:
The car is rotating (yawing) as you
Intended it to.

|7

o
%#‘-’*

Understeer Oversteer

@ James Knapton 2020
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Understeer and Cornering Compliances

Understeer, Oversteer and Neutral Steer (an analytical definition)

Understeer Gradient, K, .,
- Is the difference between the front and tajectory

rear cornering compliances, D; and D,
« Units are deg axle sideslip per g of intended

lateral acceleration trajectory

Understeer: 7
Understeer Gradient (K ) greater than zero

Oversteer: I
Understeer Gradient (K4 ) less than zero =
Neutl’a| Steer Understeer

Understeer Gradient (K ) equal to zero

Intended
trajectory

Actual
trajectary

€,

W

\>

Oversteer

@& James Knapton 2020
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Understeer and Cornering Compliances
Definition of Understeer in Terms of Cornering Compliances

Understeer occurs when the front axle cornering compliance is greater than the rear

axle cornering compliance, I.e. dB/da, > dj,/da,

Travel =——=
Heading =————

Kus = Df _ Dr

Understeer: K, >0

Driving around a fixed radius circle at ever increasing speed (thus, increasing lateral

d
D = ik [deg/g,]

Magnitude of slip
angles exaggerated
for clarity

"

acceleration), while holding a constant steering wheel angle, the vehicle would follow a

larger radius path. Otherwise, the driver would be required to increase steering wheel

angle to stay on path.
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Understeer and Cornering Compliances
¥

Definition of Oversteer in Terms of Cornering Compliances

Oversteer occurs when the front axle cornering compliance is less than the rear axle
cornering compliance, i.e. d;/ da, < dp, / da,

Travel| =——=
Heading =———e

Kus = Df _ Dr
Magnitude of slip

angles exaggerated
for clarity

Oversteer: K. <0

Driving around a fixed radius circle at ever increasing speed (thus, increasing lateral
acceleration), while holding a constant steering wheel angle, the vehicle would follow a
smaller radius path. Otherwise, the driver would be required to decrease steering

wheel angle to stay on path.
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Understeer and Cornering Compliances
Definition of Neutral Steer in Terms of Cornering Compliances ¥

Neutral steer occurs when the front axle cornering compliance is equal to the rear axle
cornering compliance, i.e. dB¢/ da, = dp, / da, dp
[deg/g,]

B, |

Travel| =——=
Heading ————e

K, = D;— D,

u

R..=R
e 0 Magnitude of slip
angles exaggerated
for clarity

Neutral Steer: K . =0

Driving around a fixed radius circle at ever increasing speed (thus, increasing lateral
acceleration) while holding a constant steering wheel angle, the vehicle would follow the
fixed radius path
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Understeer and Cornering Compliances

Example

Cornering Compliance and Understeer from Constant Speed Understeer Test (aka
Swept or Ramp Steer Test)

Understeer Gradient
" Calculated from Front and Rear Comering Compliance
) Front Axle
121 2 7r e Understeer (F-R)
«?Wf"‘.;ffffﬂ" == Fit - Front
Fit - Rear
101 2
o : :
§ Front Comering Compliance (deg/g) = 8. 44
o
)
[}
9
()]
W

 Lateral Acceleration (g's)
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The Bicycle Model

The concept of the bicycle model for handling has been around
for decades. Itis well documented in literature. Hence, we will
not solve the equations of motion here.

Google Scholar search
for “Bicycle Model
Vehicle Dynamics”
returned 104k hits

A few good references on the bicycle model.

“The Cornering Compliance Concept for Description of Vehicle Directional Control Properties”;
R.T. Bundorf and R.L. Leffert, SAE #760713, SAE International.

“Vehicle Dynamics”; J. R. Ellis, London Business Books, 1969

“The Complex Cornering Compliance Theory and its Application to Vehicle
Dynamics Characteristics”; K. Tsuji and N. Totoki, SAE #2002-01-1218, SAE International

We will use Bundorf and Leffert’'s (B&L) derivation and solution
In the following discussions
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The B&L Bicycle Model — A Summary

. [ aCf bCr
M, *Ux(B,+r) = 2F, Myus + Cr + C, ” ” 5.
J,, 7 =3M l» a’Cy b’ [ ] [aCf]
v,z z _ aCs — bC, JzpS + y vl

Derivative notation to
Laplace notation

M, = vehicle mass, kg By =Bys

oy = vehicle inertia, kg-m”2 rers

u = forward velocity, m/s

a, b = distance from cg to front, rear axle, m

C;, C, = front and rear cornering stiffness, N/radian

O, O, = front and rear slip angles, radians

o = front steer angle, radians

Fn Fy, = front and rear lateral forces, N

r = yaw velocity, radians/sec

B, = vehicle sideslip angle, radians

s = Laplace operator

(1) SAE paper 760713 Appendix B: Directional Control Equations
for a Simple Non-Rolling Vehicle Model
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The B&L Bicycle Model — A Summary (continued)

Converting cornering stiffness to cornering compliance:

D deg £7 3 M,gb 1 D deg 573 M,ga 1 Note Conversion:
] = —_ ] = LI % ) — _ .
"\ g 2+ ) C, "\ g (a+b) C, 57.3 degrees = 1 radian
The state space equations become:
57.3M,g |aDs + bD 57.3M,ab |Df — D,| T 57.3M,gb
M,,us + vY f r Mvu . v f r B vd
(a+b) D¢ D, u(a+b) [ DsD, [B ] (a + b)Ds
v| = %
57.3M,gab |Df — D, 57.3M,gab [bDf — aD,||L T 57.3M,gab
(a + b) DfDT ]Z,US U(a + b) DfD‘r' (a + b)Df
M, = vehicle mass, kg
J,y = vehicle inertia, kg-m”"2
Vi = forward velocity, m/s
a, b = distance from cqg to front, rear axle, m
g = acceleration due to gravity = 9.806m/s?
C;, C, = front and rear cornering stiffness, N/radian
Ds, D, = front and rear cornering compliance, deg/g
Bs, By = front and rear axle sideslip slip angles, radians
) = front steer angle, radians
For Fyr = front and rear lateral forces, N
r = yaw velocity, radians/sec
By = vehicle sideslip angle, radians -
s = Laplace operator W
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The B&L Bicycle Model Transfer Function — Yaw Rate

Vehicle Yaw Rate / Steering Wheel Angle Gain from B&L I

D, u?
ro1 [57_.3g] s+1 -
S T K2 K2 (H> r
(5w Dy Dy u(Dy = D,)  u(Z —D(abs +bD) ss
~abs T
5;7('39)_ oy st >3 uz(D57;3g(;1 +b) s+1 Exemplar vehicle yaw response - ;
1+ —57,3gf(a +Tb) 1+ —57,3gf(a +rb) 60 deg step steering input, V,, = 100kph W
Y Axis
r 1 u 60 Steering wheel |
o = — % a+ b Vehicle yaw (body-fixed)
<6sw>ss i uZ(Df <:| Steady State %
t57. 57.3g(a + b) b) .
Yaw Galin K

Notice that the cornering compliances, D;and D,
appear throughout the transfer function, individually, .,

as sums, differences and products. ”
Recall ?
- The Understeer Gradient: K . = D; - D, K
- k2, =3, M, " Steady
- Overall steering ratio: i [deg swa/ldeg rwa] : State

Response

0 1 2 3 4 5 6 7 8 9 10
Time - s
Yaw Rate and SWA vs. Time : Step Steer
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The B&L Bicycle Model — Yaw Rate Response Time

Vehicle Yaw Rate Response Time from B&L 503 st steering iput. v, ~ 100kph

k2 1 .
Yaw Rate ~ DrUaps73g :
Response Time ~— _ u?(Dy-Dy)

57.3g(a+b) RPN

\|— *
According to B&L: | e,
The values of response time acquired from = 4 e
this expression will most closely correspond
to those referenced to a ‘time to 63% steady

state’ response during a step steer maneuver

r=]

Notice that changes to the front and rear
cornering compliances, D; and D, , affect the T
response time

Recall
- The Understeer Gradient: K . = D; - D, ’
- ko ZV - ‘Jz,v/ I\/Iv

.J L
Yaw Rate Response Time (s) — , A [ . \

4/11/2023 Tim Drotar/tdrotar0O8 @gmail.com




The B&L Bicycle Model Transfer Function — Side Slip
Vehicle Side Slip Angle / Steering Wheel Angle Gain from B&L )

5 2k2 Magnitude of side slip angle X 3 X
U Zv i \
735 1+ ICETD) exaggerated for clarity \‘f“
2D [
ﬁvm _ 1* 573g(a + b) " ﬁvm ‘y
Osw T 2 kgv Osw ss
ab 2D u(Dy — D)  ulgp
(57.39) s2 4| 2739 57.3g(a +b) s+ 1 Exemplar vehicle side slip angle response
u?(Dy — D,.) uZ(D; — D) P p ang P
14 o l—ox B ing i =
5739(a+ D) ETICED) Swmdeggg Bga%g} E;[ep steering input, V, = 100kph
5 (=St S0
5
1
(ﬁvm) B 1*7 T 573g(a+ D) 3g(a + b) Steady State 4
Osw ss i uz(Df I II An I In
1+5739(a+b) ('1:' Sideslip Angle Gain

(mid-wheelbase reference point)

Notice that the cornering compliances, D; and D,
appear throughout the transfer function, individually,

as sums, differences and products. . Sst‘f;iy

Recall 2 Response‘

- The Understeer Gradient: K = D; - D, ;

- k2 7V = JZV/ MV 0 2 4 5 8 10 12 14 16 18 20
- Ovel’all Steerlng rat|0 | [deg Swajldeg rwa] Vehicle Sideslip Angle and SWATI:rg::}smer|eﬂ1nnkph 60 deg swa
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The B&L Bicycle Model Transfer Function — Lat Acc

L ateral Acceleration / Steering Wheel Angle Gain from B&L

Although we don’t get the lateral acceleration explicitly from the state space
equations, we can calculate the response at the vehicle midpoint using the

following relationship:

2 (5) =u[s P2 (5) + 5 ()]
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The B&L Bicycle Model Transfer Function — Lat Acc

Lateral Acceleration / Steering Wheel Angle Gain from B&L )
AX
k +b a+b
aym_l 3 a+a2 2+ Zu] +1 Aym ay, )
Sow 1 iz *<6sw> Y
)usz u(Df T) U( ab - 1)(an + bD ) ss
(57 " (5739)% 57.39 57.3g(a + b) s+l
;‘; ng - +DZ) ;‘; éDf - fz) Exemplar vehicle lat acc response
g(a ) gla+b) 60 deg step steering input, V, = 100kph
SWA (100deg) +left; Ay (g's) +left
(‘f;’") -1 ug(;fb . Steady State Lat — 7
SW/ ss 14+ —Jt 77 . - - r 7 - - - -
"5739(a+b) Acc Galin e ‘ Steady
(mid-wheelbase reference point) . State
' Response
Notice that the cornering compliances, D; and N T T T T T
D, appear throughout the transfer function,
individually, as sums, differences and
products. .
Recall
- The Understeer Gradient: K . = D; - D,
LS v = ‘Jz,v/ Ivlv iy ' -
- Overall steering ratio: i [deg swa/ldeg rwa] e

Time (s)
Lat Acc and SWA : Step Steer left 100kph 60 deg swa
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The B&L Bicycle Model — Lat Acc Response Time

Approximate Time to Peak Lateral Acceleration from B&L

Approximate 12
Time to Peak DsD,(a + b) aZI;]

Lateral =2 SR
Acceleration \ ( f— +)97.39

Notice that changes to the front and rear

response time

Exemplar vehicle lat acc response

60 deg step steering input, V, = 100kph
left; Ay (('s) +left

cornering compliances, D; and D, , affect the -—=T--- 7%::_

Recall
- The Understeer Gradient: K . = D; - D,
- ke zZVv - ‘Jz,v/ I\/Iv

Time to Peak Lat Acc (s)

— PE—
0 1 2
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The Bicycle Model

y
What we learned so far: i

« Axle sideslip angle is the angular difference between the direction the axle
Is travelling and direction it is pointed

« Cornering compliance is the change in axle sideslip angle per g of lateral
acceleration. By sign convention (either SAE or 1ISO)
— Positive Cornering Compliance at the front axle is UNDERSTEER
— Positive Cornering Compliance at the rear axle is OVERSTEER

« The Bicycle Model can be used to estimate the steady state and transient
response of a vehicle to a step steering input

« The magnitude of the response is a function of
— Vehicle mass and inertia
— Vehicle speed
— Overall steering ratio
— Front and rear cornering compliances
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Systems Engineering V — Planar Handling Response

Q: How do we relate front and rear cornering compliances to
suspension kinematics/compliances and tire properties?

Vehicle-level Targets:

* Understeer Gradient

* Yaw Rate / SWA gain

* Yaw Rate/SWA response time
* Ay /SWA gain

* Ay /SWA response time

« Sideslip Angle / SWA gain

Vehicle
Targets

Vehicle Validation

-

Chassis System Targets:
* F/R cornering compliance (deg/g)

Acceptance
Testing

Suspension & Steering Subsystem Targets:

* F/R lateral force compliance steer (deg/kN)

* F/R aligning torque compliance steer
(deg/kN-m)

* F/R camber compliance (deg/kN)

* F/Rroll steer (deg/deqg)

* F/Rroll camber (deg/deg)

Component Specifications

* Suspension hardpoints (xyz)

* Lwr steering hardpoints (xyz)
* Strg gear ratio (m/rev)

* Suspension bushing stiffness
* Steering system stiffness

» Tire force and moments

System System Verification System
Specification :

o ° Testing
o,
3.
=
o

= Subsystem
Subsystem Verification Subsystem
Design Testing
Component
Component erificatio Compc_)nent
Design Testing

A: The Understeer Budget
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The Understeer Budget

The front and rear axle cornering compliances are actually ) ¢
Tumped compliances’, comprised of the cornering compliance
due to tire cornering and aligning torque stiffness, suspension
kinematics and compliances.

We can convert K&C parameters from their native units to
cornering compliance (deg sideslip / g of lat acc) and sum to get
total axle cornering compliance.

Front Axle: Rear Axle:
Front Weight & Tire Effect Rear Weight & Tire Effect
+ Front Suspension Kinematic Effect + Rear Suspension Kinematic Effect
+ Front Suspension Compliance Effect + Rear Suspension Compliance Effect
= Front Cornering Compliance (Dy) = Rear Cornering Compliance (D,)
=> Kus - Df o Dr

This is what we refer to as “The Understeer Budget”
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Systems Engineering V —

The Understeer Budget

Vehicle-level Targets:

* Understeer Gradient

* Yaw Rate / SWA gain

* Yaw Rate/SWA response time
* Ay /SWA gain

* Ay / SWA response time

» Sideslip Angle / SWA gain

Vehicle
Targets

\

Chassis System Targets:
* F/R cornering compliance (deg/g)
* F/R lateral force compliance steer
* F/R aligning torque compliance steer
* F/Rroll steer
* F/R roll camber
» Tire cornering compliance

System
Specification

Suspension & Steering Subsystem Targets:

* F/R lateral force compliance steer (deg/kN)

* F/R aligning torque compliance steer
(deg/kN-m)

* F/R camber compliance (deg/kN)

* FIR roll steer (deg/deg)

Design

Subsystem

* F/R roll camber (deg/deg)

Component Specifications

» Suspension hardpoints (xyz)
» Lwr steering hardpoints (xyz)
» Strg gear ratio (m/rev)

» Suspension bushing stiffness
» Steering system stiffness

Component
Design

. L Vehicle level
Vehicle Validation Acceptance testing and/or
Testing CAE
System Verification System CaICII'J?;(?OhS
Testing CAE
Subsystem ) .
Verification Subsystem szr:j“cs
Testing Compliance
Lab Test
Component
Testing Component DV
testing

* Tire force and moments

Integration and Development

Component design and
fabrication
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Calculating the Understeer Budget

In Bundorf's paper “The Influence of Vehicle Design Parameters
on Characteristic Speed and Understeer”, he presented a
general equation for characteristic speed

R. T. BUNDORF

)

D/SEC
RAD

~ 57.3 (a + b)
uch - ‘/ K : ©)

Uy, = Characteristic speed (ft/s)

g = 32.2 ft/s?

a = Distance from vehicle Cg to front axle (ft)
b = Distance from vehicle Cg to rear axle (ft)
K = Understeer Gradient (deg/q)

- YAW VELOCITY GAIN {RA

8ref

0
u !.Icr
U~FORWARD VELOCITY -{FT/SEC}

Fig. 1 - Yaw velocity gain versus speed

The characteristic speed is defined as the speed at which the
straight-ahead control sensitivity of an understeering vehicle is
one-half that of a neutral steer vehicle
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Calculating the Understeer Budget

He then expanded the understeer gradient (denominator) to be a

function of tire parameters, suspension kinematics and
suspension compliances

2 gf(a*h) (57.3)
1u =
ch W N W N —_
o
7 T END (1 g | @ BN (1 aE“f
of _H. — or E — — if
W W
f,p Lu K (deg/
' ifrf C:l‘ {-I‘l'}
T K.—,:r [':1 tENap Tt - E N )= + By + Esr] (7
— e
Where:
W;, W, = Frt, Rr vehicle weight (N) Iy, T, = Frt, Rr roll inclination angle coef. (deg/deg)
W, W, = Frt, Rr sprung weight (N) K', = Vehicle roll gradient (deg/g,)
C.» C, = Frt, Rr tire cornering stiffness (N/deg) E.: E, = Frt, Rr aligning torque compliance steer (deg/Nm)
N.i N, = Frt, Rr tire aligning torque stiffness (N-m/deg) E«, E; = Frt, Rr lateral force compliance steer (deg/N) ‘
C,n, C,. = Frt, Rr tire camber stiffness (N/deg) E., Es = Frt, Rr roll steer coef. (deg/deq) W
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Calculating the Understeer Budget

A few observations: ) ¢

1/ Notice the interaction between tire, kinematic and compliance
parameters

uz _ g {(a +b) (567.3) —_
- w N
- ..f.f_{1+5 ) 1+_N£.-_‘-(1-E N ) [1- E“'f
W W
£, g L — K (deg/
' ifrf Czl‘ {-I‘l'}
T K.—,:r [':1 tENap Tt - E N )= + By + Esr] (7
[
Where:
W;, W, = Frt, Rr vehicle weight (N) Iy, ', = Frt, Rr roll inclination angle coef. (deg/deg)
W, W, = Frt, Rr sprung weight (N) K', = Vehicle roll gradient (deg/g,)
C.» C, = Frt, Rr tire cornering stiffness (N/deg) E.: E, = Frt, Rr aligning torque compliance steer (deg/Nm)
N, N, = Frt, Rr tire aligning torque stiffness (Nm/deg) E«, E; = Frt, Rr lateral force compliance steer (deg/N)
C,i C, = Frt, Rr tire camber stiffness (N/deg) E.. E. = Frt, Rr roll steer coef. (deg/deg)
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Calculating the Understeer Budget

2/ The terms (1 + N,/bC ) and (1 - N,/aC ) capture what ¥
Bundorf refers to as ‘the aligning torque effect on the whole
vehicle’

2 g (a *b) (57.3)

u =
ch W N W N
f or T of
{ 2Cu ¢ a uf) ( bﬂur) Eﬂur ar or ( aﬂa ¢ )

j—ﬁi+E wﬂ \_'_I \_'_I

ar or
I‘II

Tfrf
[ EN ) A—+@-EN }_‘-’_+E +E ]} -

« The ratio of tire aligning torque stiffness, N, [Nm/deg] to tire cornering stiffness, C, [N/deg] is
know as the tire pneumatic trail [m]

« These terms can then be expressed as (b + pneumatic trail)/b and (a - pneumatic trail)/a

+ These terms have the effect of shifting the center of gravity forward i.e. increasing W;and
decreasing W, , thus adding understeer

« Typically, a small adjustment since a and b are on the order of meters, and pneumatic trail is
on the order of tens of millimeters
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Calculating the Understeer Budget

3/ Where are the lateral load transfer terms?
uE _ g {a +b) (67.3)
ch W N w N
f o of
{Ecﬁf{1+Eaf}luf) (1* EIC‘:;) {1- ar mr} ( i aﬂﬂf)
wsf wsr
t Byt Bp o

',rfrf
[ Efap ©—* Q- EarN-::u}_L'r Eg * E ]}

oar

(7)

The bicycle model assumes that the tires are operating in the linear range of
performance where the rate of change of cornering stiffness with vertical load
IS relatively constant, therefore axle cornering stiffness is relatively constant
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Calculating the Understeer Budget

3/ Where are the lateral load transfer terms? (continued)

Assuming a vehicle with a static load of 4000N on both the left and right front
tires, we can determine the axle cornering stiffness from tires for the bicycle
model from the plot of tire cornering stiffness versus vertical load

Cornering Stiffness vs FZ
2000

| Front axle cornering stiffness from tires:
“Bicycle Model” — No lateral load
transfer

C,a=2* C,=2 1200 = 2400 N/deg

1800 -
= 1600

1400

==
o]
=]
=]

Cornering Stiffness (N/deg

1000

g00

600 i
2000 3000 4000 5000 6000 Tooo0 G000 9000 10000
F FZ (M)

Z,S
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Calculating the Understeer Budget

3/ Where are the lateral load transfer terms? (continued)

Now, lets consider “linear range” operation, with relatively low lateral load
transfer and “non-linear range” operation with relatively high lateral load transfer

c ing Stiffn FZ . . .
200 —— e Front axle cornering stiffness from tires:

v b L “Bicycle Model” — No lateral load transfer
L e et Ry Bt e .

o T Cya= 2* C, = 2 + 1200 = 2400 N/deg
oo S (F g, ) = (6000, 1605)

1100 5 SRR - A N N N “Linear Range” — Low lateral load transfer

. (Fy0, Cuo) = (5000, 1425) Cya=C,i* C,o = 1425 + 925 = 2350 N/deg

7)) g S 4 O VA S S S -

s / T T R R Coa~ Caa
1000 . Ao -

Cornering Stiffness (N/deqg)

i: Inside tire in a turn
o: Outside tire in a turn

“Non Linear Range” — High lateral load

: transfer
6005 : ’ . | J I I
2000 3000 4000 5000 FE‘ZU(UP[J]} 7000 8000 9000 10000 Cpa=C,i*+C,o=1605+ 625 = 2230 N/deg
F. . F,. Fz F I:z
Zi z,i ,S z,0 0 Cq,a < Ca,a

Conclusion: The bicycle model assumption of no lateral load transfer is
valid in the “linear range” of operation
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Calculating the Understeer Budget

Gillespie’s book, “Fundamentals of Vehicle Dynamics”, Chapter 6
gives a good presentation on the understeer budget equations,
similar to Bundorf but with a couple of exceptions:

— Equation for the effect of aligning torque effect on the whole vehicle is
‘'stand alone’ and a compact form of what Bundorf presented

— Adds an equation for contribution of upper steering system compliance
(steering column, intermediate shaft, power steering torsion bar) to the
lumped cornering compliance.

 If you decide to include this in your understeer budget, be sure to use opposed
lateral force and opposed aligning torque data rather than parallel. Otherwise, you
will double count the effect of the upper steering compliance
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Calculating the Understeer Budget

y
In 1972, Nedley and Wilson, also from General Motors, ¥

published their SAE paper “A New Laboratory Facility for
Measuring Vehicle Parameters Affecting Understeer and Brake
Steer”. In addition to describing GM’s new K&C test machine,

this paper:

« Expanded on Bundorf’'s equation to include camber compliance
« Wrote equations in generic terms so we can easily separate front and

rear effects

We will use Bundorf’'s equations (SAE paper 670078) and the
camber compliance equation to calculate the understeer budget

for a production EV sedan.
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Calculating the Understeer Budget

An important note about Understeer Budget sign convention:

Bundorf, in 670078, uses a sign convention where an
understeering component of the budget is termed positive, and an
oversteering component is termed negative, regardless if it is
front or rear axle.

In order to maintain continuity with the bicycle model sign
convention (1SO), we will assign the following convention:

 Front axle: Understeer = Positive
« Rear axle: Oversteer = Positive

In this case, positive terms are generating sideslip angle in the
same direction, regardless of their position on the vehicle (front or
rear axle) "
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Calculating the Understeer Budget

Vehicle Parameters:

Front axle weight at 2-pass load Wr N 9161
Rear axle weight at 2-pass load W, N 9615
Front axle unsprung weight at 2 pass load (1) Was,r N 916
Rear axle unsprung weight at 2 pass load (1) Was f N 962
Wheelbase L m 2.876
Horizontal distance from Cg to front axle (calculated) a m 1.473
Horizontal distance from Cg to rear axle (calculated) b m 1.403
Vehicle roll gradient (2) k' deg/g 2.71
Overall steering ratio i 1 11.7

(1) Using RoT that the axle unsprung weight is ~10% of the total axle weight for independent suspensions
(2) Steady state roll gradient from 75kph swept steer (constant speed understeer) test
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Calculating the Understeer Budget

Tire Parameters (values for a single tire, at 2-pass corner weight):

Frt cornering stiffness Car N/deg 1437
Rr cornering stiffness Cor N/deg 1507
Frt aligning torque stiffness N, Nm/deg 34
Rr aligning torque stiffness N, Nm/deg 38
Frt camber stiffness C s N/deg 114
Rr camber stiffness C. N/deg 122
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Data used in this example courtesy of Morse Measurements
Vehicle tested on their Anthony Best Dynamics K&C test machine
z

Sign convention is ISO standard

K&C Parameters
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Calculating the Understeer Budget

K&C Parameters (average of left and right wheel properties):

Frt lateral force compliance steer Es deg/N -5.80E-05 U/S 5.80E-05
Rr lateral force compliance steer Es, deg/N 1.04E-05 U/S -1.04E-05
Frt lateral force compliance camber Eq deg/N 1.03E-04 U/S 1.03E-04
Rr lateral force compliance camber =g deg/N 1.00E-04 O/S 1.00E-04
Frt aligning torque compliance steer Ear deg/Nm 2.35E-03 U/S 2.35E-03
Rr aligning torque compliance steer Ear deg/Nm 5.01E-04 O/Ss 5.01E-04

Remember our sign convention:
. Front axle: Understeer = Positive
. Rear axle: Oversteer = Positive
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Calculating the Understeer Budget

K&C Parameters (average of left and right wheel properties):

Frt roll steer = deg/deg -0.11 u/S 0.11
Rr roll steer Es, deg/deg 0.03 U/S -0.03
Frt roll camber angle gain I deg/deg -0.68
Rr roll camber angle gain I, deg/deg -0.74
Frt roll inclination angle gain (calc) @ Iy deg/deg 0.32 u/s 0.32
Rr roll inclination angle gain (calc) @ r/’ deg/deg 0.26 O/Ss 0.26

Remember our sign convention:
. Front axle: Understeer = Positive
. Rear axle: Oversteer = Positive

i
(1) Rollinclination angle gain = 1+ roll camber gain W
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Calculating the Understeer Budget
Weight and Tire Effect @

D = W * |1
Wt,f -2 * Caf -
wt,r -2 * Ca.r._

Example vehicle:

+ NCZT'

b * Coyr

Naf ]
a *x Caf_

D _ [ot61 ],
wt.f = [241437]
© 9615
D = * |1 —
WELT ™ 1241507

Vehicle effect:

38

1.403%1507 ]

34

1.473%1437 |

| =3.24 deg/g => U/sS

| =3.14 deg/g =>0/S

K,=D,~D,,, =3244-3.139 =0.10 deg/g=>U/S

4/11/2023

Wr=9161 N
W, = 9615 N
a=1473m
b=1.403m
C.:=1437 N/deg
C,.r=1507 N/deg
N_¢ =34 N-m/deg
N, =38 N-m/deg

(1) “W” does not
include aero lift forces.
If you have an aero
sensitive car, might
want to include them

Tim Drotar/tdrotar0O8 @gmail.com




Calculating the Understeer Budget

Lateral Force Compliance Steer Effect W

Ws,r Wi s =Wy - Wysf = 8243 N

D . E W, = W, - W, = 8654 N
f.f 2 NS E;; = 5.80E-05 deg/N
E;, = -1.04E-05 deg/N

W,
Lynﬂ = ;J‘*JE}J

Example vehicle:

8243

Df s = 5.80e — 05 = = 0.24 deg/g=>U/S

Dy, = —1.04e — 05 * == =-0.05 deg/g =>U/S

Vehicle Effect:
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Calculating the Understeer Budget

Lateral Force Compliance Camber Effect
Ws,f = Wf - Wus,f = 8243 N
D . = WS'f i Wyy = W, - Wy, = 8654 N
of =73 Ttert Co s E, = 1.03E-04 deg/N
E = 1.00E-04 deg/N
Ws » Cy,r CO[f = 1437 N/deg
Dy, = — *Egrr e C,. = 1507 N/deg
ar C%f = 114 N/deg
C,, =122 N/deg

Example vehicle:

8243 114
Dy s = > *1036—04* —003deg/g >U/S

Dgy === %1.00e — 04 15202 = 0.04 deg/g => 0/S

Vehicle Effect:
K= D, D,,=0.03-0.04 =-0.01 deg/g => 0/S
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Calculating the Understeer Budget

Aligning Torque Compliance Steer Effect

We ar
Dyr = (2 o ) (Eqp* Nocr) * [1 + Car]
Doy = (2 o ) (Eqr* Necr) * [1 P Caf]
Example vehicle:
Da,f = (22227) * (0.0024 + 34) :1 + 1.403?31507_
Doy = (2352(5)7) * (0.0005 * 38) :1 B 1.47'::}1437_

Vehicle Effect:
K,=D,~D, =026-0.05=0.21deg/g=>U/S

4/11/2023 Tim Drotar/tdrotar0O8 @gmail.com

Wr=9161 N

W, = 9615 N
a=1473m
b=1403m

C.r= 1437 N/deg

C.r = 1507 N/deg

N, = 34 N-m/deg

N, =38 N-m/deg

Ear = 0.0024 deg/N-m
E., = 0.0005 deg/N-m

|=0.26 deg/g =>U/s

|=0.05 deg/g => 0/




Calculating the Understeer Budget

Kinematic Roll Steer Effect

k', =2.71 deg/g
Es¢ = 0.11 deg/deg
Es, = -0.03 deg/deg

Dsy= Ky Esy

Example vehicle:

Dg ;= 2.71%0.11 = 0.29 deg/g =>U/S
Ds, =2.71%—0.03 =-0.07 deg/g =>U/S

Vehicle Effect:
K,= D, ,-D,, =029 -(-0.07) = 0.36 deg/g =>U/S
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Calculating the Understeer Budget

Kinematic Roll Camber Effect ¥

k', =2.71 deg/g
! ] E.r = 0.0024 deg/N-m

r*1ly _
D, =k 14+ E, ¢ * Gy, E,, = 0.0005 deg/N-m
It o’ ( of *Nas) * Cof I,'= 0.32 deg/deg
i « T I = 0.26 deg/deg
D,.,=k,*|(1—E,.*xN,,)* Cyr 1y C,; = 1437 N/deg
gpr 14 ( ar * Nay) Cor C = 1507 N/deg
af = 34 N-m/deg

Example vehicle: .r = 38 N-m/deg
C .+ = 114 N/deg
C =122 N/deg
[ 114%0.32]_ _
Dgps = 2.71 % |(1+ (0.0024  34)) » ———|= 0.07 deg/g => U/S

Dygpyr = 2.71% |(1 = (0.0005 * 38)) » == -22|= 0.06 deg/g => O/S

1507

Vehicle Effect:
K,=D, D, =007-0.06=0.01deg/g =>U/S
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Calculating the Understeer Budget

Front Rear Net

Component +U/S +0/S (F-R) Units
Weight and Tire Effect 3.24 3.14 0.10 deg/g
Lateral Force Compliance Steer Effect 0.24 -0.05 0.29 deg/g
Lateral Force Compliance Camber Effect 0.03 0.04 -0.01 deg/g
Aligning Torque Compliance Steer Effect 0.26 0.05 0.21 deg/g
Kinematic Roll Steer Effect 0.29 -0.07 0.36 deg/g
Kinematic Roll Camber Effect 0.07 0.06 0.01 deg/g
Cornering Compliance  4.13 3.17 deg/g

Understeer Gradient 0.96 deg/g
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Estimating Planar Handling Performance

We can plug the front and rear cornering compliances into the ¥

bicycle model transfer functions to get an estimate of steady
state and transient planar handling performance

DV, 2k2,
5736 Y aa+ By
2D, U2
- 57‘3/9]“1 . Bom 1, 1-573g(a+ B (Bom
sw Zzvyy2pn o v ﬂ_l (ab;+bD ) SW/ss Cap 2V Dr Dy u(Dy—D,) V(—B—l)(al)f+bl),‘)
(op)% Dy D, V(D= D) Yol — Diab; " 57.39)2 5739 573g(a+b
(573g)2 24| 573g 573g(a+ b) 1 E;z D‘g) 5yl =8 W20, f;(“ ) s+1
1+ V#(D; = D,) 1 VZ(Dr = D) ° 1+ 57gg(a+b)) 1+ 57gg(a+b))
+t5739(a+h) t5739(a+b)
v,
r 1 atb
o)t ¢ Steady State A Steady State
585 B vm g(a+
573g(a+b) Yaw Gain (a)“*; 11,2(—1)9) <:| S|desllp Angle
D, kz +b +b
aym 1 5739 + 2+[a e (“J”")
dow b)VZIJ,D u(u,—p) vz 0 1)(ab, + bD,) s
(5739)2 57.3g 573g(a+b) i1
LW, Y L VO =D) $
57 57.3g(a+b) 57 573g(a+b)
(ﬂ) B Steady State
5 ' 2(p — <,‘:| :
o U B0 D) Lat Acc Gain

+ 5739 T D) 57.3g(a+ b)

4/11/2023 Tim Drotar/tdrotar0O8 @gmail.com




Estimating Planar Handling Performance

Yaw rate / Steering wheel angle steady state gain V,= 20.83m/s (75kph)
) v, . 20.83 a=1473m
L R a+ _ i} 1.473 + 1.403 _

(@L T (o -p) 1177, _(2083)2« (413 -3.17) b _1-403 m

573g(a + b) 57.3 % 9.81 * (1.473 + 1.403) D;=4.13 deg/g

D,=3.17 deg/g
T\ _ _ 1=11.7 (:1)

<65W>ss = 0.49rad/s/rad = 0.49deg/s/deg g=9.81 e (/g)

Sideslip angle / Steering wheel angle steady state gain

1 D 1 3.17 * (20.83)?
Bom\ _1 2 573g(a+b) _ 1 2 573981« (1473 +1403)
Osw /s 1 w20, -p) 117 (20.83)2+ (4.13 —3.17)
57.3g(a + b) 57.3 x9.81 * (1.473 + 1.403)
ﬁvm rad
=—-0.02— = —0.02 deg/d
< sw rad eg/deg

SSs

Lateral acceleration / Steering wheel angle steady state gain

V2 (20.83)2
Aym) _1_ atbh _ (1.473 + 1.403)
Ssw/), VA(Dy—D,) 117 1+ (20.83)2 % (4.13 — 3.17)
573g(a+b) 57.3 % 9.81 * (1.473 + 1.403)
a
<6ym> =10.2 m/s?/rad = 0.018 g/deg %)
Sw ss
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Correlation

Q: How well does is correlate to real world?”

A Below is a comparison of predicted to physical test

Swept Steer @ 75kph Frt. Cornering Compliance deg/g 4.13 4.41 -7.0
Swept Steer @ 75kph Rr. Cornering Compliance deg/g 3.17 2.91 7.6

Swept Steer @ 75kph  Understeer Gradient deg/g 0.96 1.50 -35.3
Step Steer @ 75kph Steady State Yaw Gain (deg/s)/deg  0.49 0.42 16.7
Step Steer @ 75kph Steady State Sideslip Gain deg/deg -0.02 -0.01 50.0
Step Steer @ 75kph Steady State Lat. Acc. Gain g/deg 0.018 0.017 5.9

“Out of the box”, correlation doesn’t look too bad. But why isn’t
It exact?

W
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Correlation

Steady state gains are off because the

cornering compliances (and understeer i[4S | o | el

gradient) are off. D, 317 291 7.6
Di-D, 096 150 -353

.u v, 2k2
r (1 +a(a j-vb}
D, V2 2D, VE
ro_1 [57.39]5 +1 ( r ) ﬂv_m=L ~5739(a+ b) b) (ﬁ.,_m)
—_— = =K W | — 8 8
) 2 sw zv _ sw
sw Cap %2 Dy Dy Y (D; = D,) %(%_1){{19;'+b”.-) Wss 50Dy u(d=Dy) (2 = 1)(ad; +bD,) *
~ab’V T T + —7_(57 39) 57.3g 57.3g(a+b)
(527‘39') s24 57.3g 2 57.3g(a+ b) s+1 % o, -7, ) Tr‘?.- (D: =) s+1
VZ(D, —D,) VZ(D, - D,)
1+m 1+T.39L(a+_bj ?3gia+bi ?3ga+b
v,
r _1 c1+b
(E) i (u ~D) <:| Steady State , N . Steady State
. _ Bgla+ . f
*573g@ih) Yaw Gain (), -1 ey €@ Sideslip Angle
+t573g9(@+b) Gain
D, (ki, ~a+b a+b
aym _ 1 ’5?'39 (T+ 2 ) st [ 2V, ]5 o (aym)
Sow L[ K2 z O,
' (%Mz”; D, u(D; = D,) 1.’,,(%"— 1)(ab; +bD,) 55
57397 |, 573g T 573g(a +b)
3 s°+ 7 s+1
L4 WO =D)) L4 WO =Dy
57.3g(a+b) 57.3g(a+b)
VZ
(a) 1 a+p Steady State A
Ssw i V2(Dr— D,) <::| . W
1+m%m Lat ACC Galn
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Correlation

Q: Why are the cornering compliances

not perfectly correlated? Of 410 441 70
A D, 313 291 7.6

D,-D, 097 150 -35.3

Lateral Force vs Slip Angle

Slip Angle (deg) Slip Angle (deg)

Tires are tested on 80 grit sandpaper but driven on asphalt, y
concrete, gravel, etc... f
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Correlation

.. . &)
The famous statistician, George Box, said: ki
“Essentially, all models are wrong, but some are useful.”

“... The practical question is: how wrong do they have to be to not be
useful?”

The bicycle model and understeer budget are useful when used

in the “Systems Engineering V" to:
« Cascade targets from the vehicle level to the chassis system level
« Assemble the chassis systems and tire performance status to verify
vehicle targets will be met

With repeated correlation exercises, the user will determine
appropriate tire surface correction factors to improve first time
through accuracy
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* The Systems Engineering V and first principals are a useful i
combination to cascade vehicle handling response to K&C and
tire parameters

« According to the bicycle model, vehicle planar handling
response is strongly influenced by the lumped cornering
compliances

« The lumped cornering compliance is comprised of individual
compliances due to
« Weight and Tires
« Suspension Kinematics
« Suspension Compliances

« The understeer budget concept can be used to determine the
relative contribution of tires, kinematics and compliances on
vehicle understeer gradient
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y
* The Systems Engineering V and first principals are a useful i
combination to predict vehicle handling response from K&C
and tire parameters

« The correlation between first principals (simulation) and test
can be improved by applying surface correction factors to the
tire flat track force and moment data.
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Bicycle Model Variables and Units

Variable Units Definition
Bom rad Vehicle sideslip angle at vehicle midpoint
|4 m/s Vehicle Velocity
s rad Steering wheel angle
Aym m/s”2 Lateral acceleration at vehicle midpoint
i 1 Overall steering ratio
r rad/s Yaw velocity (aka yaw rate)
a, b m Distance from vehicle center of gravity to front, rear axle
kZ, m”2 Yaw radius of gyration
D; D, deg/g Front rear cornering compliance
g 9.806 m/s?2  Acceleration due to gravity
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Variable
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Understeer Budget Variables and Units

Definition

Front, rear vehicle weight

Front, rear sprung weight

Front, rear tire cornering stiffness

Front, rear tire aligning torque stiffness
Front, rear tire camber stiffness

Vehicle roll gradient

Front, rear roll steer coef.

Front, rear roll camber coef.

Front, rear roll inclination coef. (I"'=1+T1")
Front, rear aligning torque compliance steer
Front, rear lateral force compliance steer
Front, rear lateral force compliance camber
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Pneumatic Trall

Pneumatic trail W
» The lateral force distribution in the tire contact patch is non-uniform

« The center of lateral force, for a free rolling tire (no longitudinal slip) is aft
of the geometric center of the tire a distance called the ‘pneumatic trail’

[Figure 8.3: String tire at a slip angle in contact with the road 200 _Aligning Torque vs Slip Angle
|
Wheel turning to the left Start of 150 ‘
-
- — 100+
- T <
-7 o\ < 50t
RCs g
e“ '|_5 ot
(=]
g) 50 |
.‘:—E RO ——— Fz:2000 I1A:0.0 ]
>V o] -
. . . | _. i FZ:BOPO 1A:0.0
X’ = wheel longitudinal axis A %0 o : 5 26 34
Y’ = wheel lateral axis SA (deg)
V+ = velocity vector of the tire Exemplar data from a tire tested on
R F tire slip angle Flat-Trac® machine (surface =
§ﬁ%ﬁ re pneumatic trail SMite0 Clearback)
AP

» The lateral force times the pneumatic trail creates an aligning torque, or
more precisely, the tire self-aligning torque, M,

— Thisis one of the components in the vehicle system that causes a buildup in steering wheel torque
when beginning a turn, and the return of the vehicle to straight ahead at the end of a turn
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Parallel vs Opposed K&C Compliance Tests

_ é\ ‘v <- Parallel Lateral Force Parallel (aka “aiding”): W
s a b Left and right applied forces

S h 3 or moments equal in
E : magnitude and direction

<- _Parallel Aligning Torque

Opposed:

Left and right applied forces or
moments equal in magnitude
but opposite in direction
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Axle Side Slip Angle Calculation
tan_l (Vy_XS*r) . 65W Br = Front axle sideslip angle (rad)

Case where the lateral velocity sensor is mounted to the front bumper at the centerline of vehicle
B = Rear axle sideslip angle (rad)
Vy

o 'Bf —
* fr = tan~1 (Vy_()‘(/j'l)*r)

i
m
V, = Forward (longitudinal) speed <?)

|4

) m
v = Lateral velocity (?)

X5 = Longitudinal distance between the front

’+X V.4 axle and the lateral speed sensor
Y v (m; +sensor forward of front axle)
ISO or SAE “Z- y 4—- '
up” sign vf
convention Sow X [ = wheelbase (m)

\ 4 rad
1 r = yaw rate 5
f‘> | dsw = Steering wheel angle (rad)

[ = Overall steering ratio (:1)
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Kinematic Bicycle Model

L =wheelbase, m
o0 = average front steer angle, radians

R =radius of turn, m
)
é Using the property of similar triangles,
. R 0 =L/R (rad)
-
Q: When do you transition from kinematic to dynamic model?
A. When the tires start to generate noticeable sideslip and the vehicle

starts to build up lateral acceleration

W
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